P.1 Determine Symmetry (Example 4)

In this exploration, you will use a computer algebra system to determine different types of
symmetry of the graphs of functions. On the computer algebra system screen you can edit f(x),
g(x), h(x), and the x-range for the graph. Depending on the functions you choose, you may need to
change the vertical range for the graph.

You are asked to determine which of the graphs has y-axis symmetry, origin symmetry, or neither
of these. You then have the chance to create other functions that have these types of symmetry.

( Define f. (You can edit this line.)

> f:1= x73;

Define g. (You can edit this line.)

> gi= x"2-2;

Define h. {You can edit this line.)

> hi= x"2+2%x;

Evaluate the following plot command to see the graph of f, g, and h on the same coordinate axes. (Note: In the

graph, f is the solid red curve, g is the dotted blue curve, and h is the dashed green curve.) You can edit the

horizontal range (initially x =-5..5) and the vertical range (initially y =-5..5).

> plot{[£f, g, h], %x=-5..5, y=-5..5, color=[red, blue, green]l, linestyle=[1l, 2, 31,
title="Graph of £, g, and h™~, titlefont=[TIMES, BOLD, 12]);

Consider the graphs of f, g,"and h. Which graph has y-axis symmetry? Which has origin symmetry? Which

graph has neither of these kinds of symmetry? Create other functions that have graphs with y-axis symmeiry,

origin symmetry, or neither of these. Edit f, g, and h to verify your answer graphically. Then analytically verify the

symmetry {or lack of it) in your functions.




P.2 Construct a Right Triangle (Example 4)

In this exploration, you will use a computer algebra system to construct a right triangle. On
the computer algebra system screen, you can edit the slope m1 and the y-intercept b1 for the
equation of the line L1, the slope m2 and y-intercept 52 for the equation of the line L2, and the
x-coordinate of a point on L1. You can also edit the x-range for the graph. Depending on the
equations you choose for L1 and L2, you may need to edit the vertical range for the graph.

Once you have chosen the slope and y-intercept for the equations of L1 and L2, and an
x-coordinate of a point on L1, the computer algebra system will graph a right triangle. You
are asked to find the three vertices of the right triangle graphically and analytically.

Specify the slope m1 and the y-intercept b1 for line L1. (You can edit this line.)

> ml:= 3/8: bl:= -3/2:

Define the equation for line L1.

> f£:= ml*x+bl:

Specify the slope m2 and the y-intercept b2 for line L2. m2 must be nonzero. (You can edit this line.)

> m2:= -17/2:  b2:= 2:

Define the equation for line L2.

> g:= m2*xX+b2:

Specify the x-coordinate for a point on L1. (You can edit this line.)

> xl:= 2:

Define the third side of a right triangle.

> h:= (-1/m2)*(x-x1)+£(x1):

Evaluate the following plot command to see the graph. (Note: In the graph, fis the solid red line, g is the dotted

blue line, and h is the dashed green line.) You can edit the horizontal range (initially x =0..5) and the vertical

range (initially y =-2..3). _

> with(plots): display([plot([£f,g,hl, x= 0..5, y= -2..3, color=[red, blue, green],
linestyle=[1,2,3], title="Three Lines That Form a Right Triangle’,
titlefont=[TIMES, BOLD, 12]), plot([[xl, ml*xl+bl]], style=point, symbol=box,
color=black)l);

The point (x1, y1) is one of the vertices of the right triangle. Find the value of y1.

Find the coordinates of the other two vertices of the right triangle. Graphically estimate your answers and check

them analytically.

Try this exploration using other values for L1 and L2, and other values for x1.



P.3 Graph Transformations of Functions (Example 4)

In this exploration you will use a computer algebra system to create and graph new functions
from a given function.

On the computer algebra screen, you can edit the values a, b, ¢, and d to obtain a transformation,
g(x) = a~/bx + ¢ + d, of the original function, f(x) = +/x. Depending on the values you choose,
you may need to change the vertical range of the graph.

The transformation given, g(x) = +/x — 2, shifts the original function, f(x) = /%, 2 units to the
right. You are asked to choose appropriate values of a, b, ¢, or d to obtain each of the other five
basic types of transformations.

- shift f(x) to the left
shift f(x) downward
shift f{(x) upward
reflect f(x) about the x-axis
reflect /(x) about the y-axis

Nl Define f.
> fi=x-> sqgrt(x):
Specify constants for g. (You can edit this line.)
> a:= 1: b:= 1: ci= =-2: d:= 0:
Define g as the transformation of f.
> g:=x~> a*f (b*x+c) +d:
Evaluate the following plot command to see the graph of f and g. In the graph, f is the solid red line and g is the
dotted blue curve.
[Note: You may need to change the values of xmin and xmax (horizontal range) and ymin and ymax (vertical
range) to see the true nature of the graph.]
> xmin:= -5: xmax:= 5:
ymin:= -5: ymax:= 5:

plot([£f(x), g({x)], x= xmin..xmax, color=[red, blue}, linestyle=[1, 2],
numpoints=50, title="Graph of f and g~, titlefont=[TIMES, BOLD, 12],
view= [xmin..xmax, ymin..ymax], scaling=constrained);
What is the domain of g? What is the range of g?
Setting ¢ = -2 shifted the graph of f two units to the right. Change the values of g, b, ¢, and d to obtain the five
U other types of transformations. With each change, state which type of transformation you have obtained.
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P.4 Fitting a Linear Model to Data (Example 1)

In this exploration you will use a computer algebra system to determine the best-fitting line
for a set of data using linear regression. The data set is the budget for the U.S. Federal
Government’s Department of Transportation for the years 1997 to 2000. On the computer
algebra system screen, the linear regression line, the sum of the squares of the differences of
the data’s y-values and the linear regression line’s y-values, and the value of the regression line
for each given year are calculated.

You are asked to determine what value the sum of squared errors should approach for the
regression line f'to be a good fit to the budget data. If the regression line f appears to be a
good fit to the budget data, you are also asked whether the value of the sum of squared errors
suggests that f'is a good fit.

You are then asked to repeat this exploration using the budget for the Department of
Veterans Affairs.

An x-value below represents a fiscal year of the U.S. Federal Government, where x0 = 7 represents 1997. A
y-value below represents the Department of Transportation's budget (in millions of U.S. dollars) for the
corresponding fiscal year. (Source: U.S. Office of Management and Budget, Budget of the United States
Government, annual.)

> x0:= 7: y0:= 40767:
xl:= 8: yvl:= 40343:
x2:= 9: y2:= 42533:
%x3:= 10: v3:= 46854:

xval::ka,xl,xZ,xB]:
yval:=[y0,y1l,y2,y31:
f is the least squares regression line for the budget data given by x and y above.
> with(stats):
f:= unapply (rhs (fit[leastsquare[[x, vl, y=a*x+b, {a, b}1] (ixval, yvall)), x):
Tf(x) "=evalf(f(x),6);
SSE is the sum of the squared errors.
> with(linalg):
S8SE:=evalf (add(i”2, i= convert (matadd(yval,f(xval),l1,-1), list)), 7);
The values of the least squares regression line f at x0, x1, x2, and x3 will be displayed in a table.
> data:= stackmatrix([' Year, x~', '"£(x) '], augment(xval, evalf(f(xval), 5))):
> print(data);
Evaluate the commands below to display the regression line f, the sum of squared errors SSE, the table, and the
graph of f with the budget data.
> with(statplots): with(plots):
> display(iplot(f(x), x=7..10), scatterplot(xval,yval)l, axes=normal,
labelfont= [TIMES, BOLD, 8], labels=["Year (5 <-->1995)7, 7], symbol=CIRCLE,
title="Graph of f and Budget Data”, titlefont=[TIMES, BOLD, 12], view=[5..11,
3.9%10%4..4.8%1074]);
>
The value of SSE is the sum of the squares of the differences of the actual y-values and the least squares
regression line's y-values. For the regression line f to be a good fit to the budget data, what should the value of
SSE approach? Explain your reasoning.
in the graph of f with the budget data, the regression line f appears to be a good fit to the budget data. Does the
value of SSE suggest that f is a good fit? Why or why not?

Repeat this exploration by editing the y-values above to be the budget for the Department of Veterans Affairs.
Year Budget (in millions of U.S. doilars)

1997 $39,313

1998 $41,781

1999 $43,212

2000 $47,083

(Source: U.S. Office of Management and Budget, Budget of the United States Government, annual.)



1.2 Find Limits Graphically (Example 5)

In this exploration you will use a computer algebra system to find a limit (if it exists).

On the computer algebra system screen, you can edit the function f'and the x-range for
the graph of /. Depending on the function you choose, you may also need to change the
vertical range for the graph.

You are asked to use the graph of the function to find the limit of f(x) as x approaches — 1
(if 1t exists) and to confirm your answer numerically by evaluating the function at several
x-values. Finally, you are asked to find a function that does not have a limitat x = —1.

( Define f. (You can edit this line.)
> fr=x-> 4/(x"2+1):

TE(x) T=£('x");
Graph the function f by evaluating the plot command below. Use the graph to estimate the limit of f(x) as x approaches -1.
You can edit the horizontal range (initially x =-5..5) and the vertical range (initially y =-2..6).
U > plot(£('%'), 'x'=-5..5, 'y'=-2..6, title="Graph of £7, titlefont=[TIMES, BOLD, 12]);
N Use the graph to estimate the limit of f as x approaches -1. Verify your answer numerically by evaluating f at several
x-values near x = -1: x=-1.1,-1.01, -1.001 and x = -0.9, -0.08, -0.999. Evaluate the following cell to calculate f(x).
> TE(-1.1)"= £(-1.1);
> "£(-1.01)"= £(-1.01);
> TE(-1.001)"= £(-1.001);

TE(-1) = ?7;

[ ]

> “£(-0.999) = £(-0.999);
> “£(-0.99) =£(-0.99);
> “£(-0.9) =£(-0.9);
0>

U Edit f so that the function does not have a limit at x = -1. Verify that the limit does not exist at x = -1 by evaluating f at the
given x-values.



1.3 Estimate the Limit of a Composite Function (Example 4)

In this exploration, you will use a computer algebra system to estimate the limit of a
composite function.

On the computer algebra system screen, you can edit the function f{x) and the x-range for the
graph. Depending on the function you choose, you may also need to change the vertical range
for the graph.

The composite function g is defined as g(x) = ¥/f(x). On the computer algebra system screen,
fx) = —x2 + 4. You are asked to use the graph to estimate lin% g(x) and lirr(l) g(x).
x> x>

Then you are asked to compare your answers with g(2) and g(0). Finally, you are asked to create
other composite functions by choosing other functions for f(x).

N1 Define f. (You can edit this line.)
> fi=x-> 4~x"2:
TE(x) T=f(x);

(5
Define g(x)=1f(x) .
> g:=x-> signum(£(x))*(abs(£(x))) " (1/3):
Evaluate the following plot command to see the graph of g.
You can edit the horizontal range (initially x =-5..5) and the vertical range (initially y =-3..2).
> plot{g(x), x=-5..5, y=-3..2, scaling=constrained, title="Graph of g~, titlefont=[TIMES,
U BOLD, 121);:
0>
Use the graph to estimate the limit of g(x) as x approaches 2, and compare your result with g(2).
Use the graph to estimate the limit of g(x) as x approaches 0, and compare your result with g(0).
Try this exploration for other composite functions by choosing a different function for .
0>




1.3 Graph Functions that Differ at One Point (Example 7)

In this exploration, you will use a computer algebra system to graph a function.

On the computer algebra system screen, you can edit the function g and the x-range for the
graph. Depending on the function you choose, you may also need to change the vertical range
for the graph.

You are asked to compare the graph of g with the graph of

f(x) — (x ;?—)[g(x)]

and find the value of x at which f'and g disagree. Finally, you are asked to find the limit of f(x)
as x approaches 2.

N Define g. (You can edit this line.)

> gr=x-> ¥ 2+42%x-1:

Define f.

> fr=x-> ((x-2)*g(x))/(x-2):

Evaluate the following plot command to see the graph of g. You may need to edit the values for the horizontal range x.
U > plot{g(x), x=-8..6, title="Graph of g~, titlefont=[TIMES, BOLD, 12]);

0>

[l Find the value of x at which f and g disagree.

Use the graph of g to visually estimate the limit of f(x) as x approaches 2. Explain your reasoning. Verify your estimate
analytically.

L Try this exploration for g(x) =—x* + 4 and other functions of your choosing.




1.4 Graph a Rational Function that Has One or More
Discontinuities (Example 6)

In this exploration, you will use a computer algebra system to graph a rational function that has
one or more discontinuities.

On the computer algebra system screen, you can edit the rational function f'and the x-range for
the graph. Depending on the function you choose, you may also need to change the vertical range
for the graph.

Any value of x that makes the denominator equal to 0 is a value of x at which f'is not continuous.
The given rational function has two discontinuities. You are asked to find these x-values and
decide whether each is removable or nonremovable. Finally, you are asked to create other rational
functions that have at least one discontinuity.

1 Define f. (You can edit this line. Restriction: The denominator of the rational function f must be of the form ax® + bx + ¢,
where a is nonzero.)
> frax-> (3%x)/(2%x"2+4%%-30):
TE(x) T=£(x);
Evaluate the following plot command to see the graph of f.
You can edit the horizontal range (initially x =-9..7) and the vertical range (initially y =-8..8).
> plot (f(x), x=-9..7, y=-8..8, title="Graph of f7, titlefont= [TIMES, BOLD, 12]);
>
Find the values at which f is not continuous.
Decide whether each discontinuity is removable or nonremovable.
Write a statement about how to find discontinuities for a rational function.
Try this exploration for other rational functions.

) [ -




1.5 Graph a Function with Vertical Asymptotes (Example 2)

In this exploration you will use a computer algebra system to graph a function with vertical
asymptotes.

On the computer algebra system screen, you can edit the function f and the x-range for the
graph. Depending on the function you choose, you may also need to change the vertical range
for the graph.

You are asked to use the graph of the function to estimate the vertical asymptotes of the graph.
Then, set the denominator of the function equal to zero and solve for x to determine the vertical
asymptotes analytically. Finally, you are asked to create rational functions the graphs of which
have 1, 3, or no vertical asymptotes.

[1 Define f. (You can edit this line.)
> fr=x-> (x"2+3*x+1)/(x*2-2):
TE(x) T=£(x);
Evaluate the following plot command to see the graph of f,
You can edit the horizontal range (initially x =-5..5) and the vertical range (initially y =-5..8).
U > plot(f({x), x=-5..5, y=-4..6, title="Graph of f~, titlefont=[TIMES, BOLD, 12]1);
g»>
[l Estimate the vertical asymptote(s) of the graph of f.
Determine the vertical asymptote(s) analytically by setting the denominator equal to zero and solving for x.
Create functions whose graphs have 1 vertical asymptote, 3 vertical asymptotes, and no vertical asymptotes.
L Edit the function f to graph these functions.




21 Graph a Function and a Tangent Line to the Graph of
the Function (Example 3)

In this exploration, you will use a computer algebra system to graph a function and a tangent
line to the graph of the function.

On the éomputer algebra system screen, you can edit the function f, the value of x1, and the
x-range for the graph. Depending on the function and the value of x1 you choose, you may also
need to change the vertical range for the graph.

One of the things you will learn from this exploration is the value of approaching problems
graphically and analytically. In this exploration, for instance, you will see that an analytic
approach is more efficient than a purely graphical approach.

Define function. (You can edit this line.)

> Er=x-> x"3-2%x:

Define derivative.

> g:=x-> D(f) (x}:

Specify value of x1. (You can edit this line.)

> xl:= -1:

Define tangent line.

> hi=x-> g(x1)*(x-x1)+Ff(x1):

Evaluate the following plot command to see the graph of f and its tangent at x = x1.

You can edit the horizontal range (initially x =-2..2) and the vertical range (initially y =-5..5).

(Note: In the graph, f is the solid red curve and h is the dotted blue curve.)

> plot([f(x), h{(x)], %=-2..2, y=-5..5, color=[red, blue], linestyle=[1l, 2], title="Graph of
f and tangent at x = x1°, titlefont=[TIMES, BOLD, 12]);

>

Nl Try changing the value of x1. Use this technique to graphically estimate the x-values for which the derivative is zero. Then

find these values analytically.

Try changing the function. Can you find values of x1 for which the derivative is zero?



21 Graph a Function and its Derivative (Example 5)

In this exploration, you will use a computer algebra system to graph a function and its derivative.

On‘the computer algebra system screen, you can edit the function f'and the z-range for the
graph. Depending on the function you choose, you may also need to change the vertical range
for the graph.

In the exploration, you are asked to consider what the graph of the derivative tells you about

the graph of the function. For instance, when the derivative is negative, what can you say

about the graph of the function? When the derivative is zero, what can you say about the graph

of the function? When the derivative is positive, what can you say about the graph of the function?

Define function. (You can edit this line.)

> fi=t-> -t"2+2%t+3:

Find the derivative of the function with respect fo t.

> “ft:=t-> D(f) (t):

Evaluate the following plot command to see the graph of f and its derivative.

You can edit the horizontal range (initially t =-3..5) and the vertical range (initially y =-2..6).

(Note: In the graph, f is the solid red curve and the derivative of f is the dotted blue curve.)

> plot([£(t), £' (t)], t=-3..5, y=-2..6, color=[red, bluel, linestyle=[1, 2], title="Graph
of f and its derivative~, titlefont=[TIMES, BOLD, 121};

>

At what value of t does the graph of f cross the t-axis? What is the slope of the tangent line of f at the value of t? For what

( values of t is f(t) positive? Is f increasing or decreasing for these values of t? For what values of t is f'(t) negative? Is f(t)

increasing or decreasing for these values of {?

Try comparing the graphs of other functions with the graphs of their derivatives. Write a statement about your observations
concerning the sign of f and the corresponding behavior of f.

C



a

21 Graph a Function that is Continuous But Not Differentiable
(Example 6)

In this exploration, you will use a computer algebra system to graph a function that is
continuous on the entire real line, but not differentiable on the entire real line.

On the computer algebra system screen, you can edit the function f and the x-range for the
graph. Depending on the function you choose, you may also need to change the vertical range
for the graph.

In the exploration, you are asked to find other functions that are continuous at points at which
they are not differentiable.

Define function. (You can edit this line.)
> f:=x-> 3-abs(x):

TE(x) T=£4x) ;
Find the derivative of the given function with respect to x.
> TE£rTi=x-> D(f) (x):

TE(x) T=TE' T (x);
Evaluate the following plot command to see the graph of f.
You can edit the horizontal range (initially x =-5..5) and the vertical range (initially y =-5..5).
> plot(£(x), x%=-5..5, y=-5..5, title="Graph of £, titlefont=[TIMES, BOLD, 12]);
>

d
Note: Maple displays;|x| as abs(1, x).

At which values is f continuous? At which values is f differentiable?

Try finding another function (other than an absolute value function) that is continuous, but not differentiable, at some point

in its domain.
Edit f to graph this function.



2.2 Analyze Graphs of Funcitons Involving Sine and Cosine
(Example 3)

In this exploration, you will use a computer algebra system to graph the derivative of a function,

On the computer algebra system screen, you can edit the function f; the x-range for the table,
and the x-range for the graph. Depending on the function you choose, you may also need to
change the vertical range for the graph.

You are asked to find the x-values for which the derivative is positive and the x-values for
which the derivative is negative. Notice that you can use a graphical approach to the problem,
a numerical approach, or an analytic approach.

[l Define function. (You can edit this line.)
> fi=x-> 2%x"3-6*%*x+4:

TE{x) T=£(x);
Find the derivative of the function symbolically.
> Tf'Ti= x -> D{f) (x):

TET(x) T=TE T (x);
Specify x-range for the table of derivative values. You may edit the range by editing xstart and xend where xstart < xend.
> xstart:= -5:
xend:= 5: MATRIY )
linalg[stac@l([‘x“, £ (x)"1,1linalglaugment] ([seqg(x, x= xstart..xend)], [seg{ f' (x), x=
xstart..xend)]));
Evaluate the following plot command to see the graph of the derivative of f.
You can edit the horizontal range (initially x =-5..5) and the vertical range (initially y =-7..3).
> plot {(T£'7 ('x'), 'x'=-5..5, y=-7..3, scaling =constrained, title="The graph of the
1 derivative of £7, titlefont=[TIMES, BOLD, 121);
>
Use the graph of the derivative of f to estimate the value of x for which the derivative is positive, negative, or zero. Then,
justify your answer analytically.
Try this exploration for other functions.

1




2.2 Find Points of Horizontal Tangency (Example 4)

In this exploration, you will use a computer algebra system to find points of horizontal tangency.

On the computer algebra system screen, you can edit the function f; the value of x1, and the
x-range for the graph. Depending on the function and the value of x1 you choose, you may
also need to change the vertical range for the graph.

On the original computer algebra system screen, the graph of the cubic function has two points
with horizontal tangent lines. One occurs when x1 = 0. You are asked to find where the other
occurs. Try formulating your answer graphically and analytically. You are then asked to find
graphs of other cubic functions that have no points of horizontal tangency or only one point

of horizontal tangency.

" Define function. (You can edit this line.)

> fi=x-> x"3-6%x"2+2:

Define derivative.

> gr=x~> D(E) (x):

Specify value of x1. (You can edit this line.)

> xl:= 0:

Define tangent line.

> hi=x-> g(x1)*(x-x1)+f(x1):

Evaluate the following plot command to see the graph of f and its tangent at x = x1.

You can edit the horizontal range (initially x =-4..8) and the vertical range (initially y =-35..10).

(Note: In the graph, f is the solid red curve and h is the dotted blue curve.)

> plot ([£(x),b(x)], x= -4..8, y= -35..10, color=[red, blue], linestyle=[1l, 2], title="Graph
1 of f and tangent at x = x1~, titlefont=[TIMES, BOLD, 121);

0>

1 The graph of the original function has two horizontal tangent lines. One occurs when x1 = 0. Where does the other occur?
Edit f to find find a cubic function whose graph has no horizontal tangent lines.

U Edit f to find a cubic function whose graph has exactly one horizontal tangent line.




2.2 Graph the Derivative of a Function (Example 8)

In this exploration, you will use a computer algebra system to analyze the graphs of
functions of the form o

flx) = asinx + bcos x.

In the computer algebra system screen, you can edit the values of @ and b. Each time you do
this, you will be shown the values of f/(x) when x = 0 and x = /2. You will also be shown
the graph of f. After trying a few different values, you are asked to compare the values of a
and b with the two values of the derivative. Once you have formed a hypothesis, prove your
hypothesis analytically.

[l Define values of a and b. (You can edit this line.)
> a:= 7: b:= -5:

Define functiqon.

> £:=2x -> a*sin(x)+b*cos(x):

Evaluate derivative when x is 0.

> x:= 01

> “£17(0):= D(F) (x);

i
Evaluate derivative when x is ;

> X:= Pi/2:

> TE'(Pi/2) := D(E) (x);

Evaluate the following plot command to see the graph of f.

You can edit the horizontal range (initially x =-2..4) and the vertical range (initially y =-12..12).

U > plot(£('x'), 'x'= -2..4, y=-12..12, title="Graph of £~, titlefont=[TIMES, BOLD, 121);
1 Try changing the values of a and b.

T
How do the values of the derivative change when xis 0 and x is ;? Justify your answer analytically.



2.3 Find the Derivative of a Function (Example 8)

In this exploration you will use a computer algebra system to find the derivative of a function.

On the computer algebra system screen, you can edit the function f. Each time you do this, you
will be given the derivative f”. You are then asked to find the derivative using the Quotient Rule.
If your answer is not identical to the answer given by the computer, you are asked to verify that
the two results are equal. Try this exploration for other “quotient” functions.

Define f. (You can edit this line.)
> fi:=x-> tan(x)/(l+sec(x)):

Evaluate f to find the derivative of f with respect to x symbolically.
> T£'(x) "= D(f) (x);

Find the derivative of f using the Quotient Rule. If your answer is not identical to the one
given above, verify that your result is equivalent to the given derivative.
sin{x)

Try this exploration f(x) = and for other "quotient” functions.

cos(x)



2.4 Differentiate Complicated Functions (Example 9)

In this exploration, you will use a computer algebra system to differentiate complicated functions.

On the computer algebra system screen, you can edit the function f. Each time you do this,
you will be given the derivative f”. Often, however, the result is given in unsimplified form.

Use this utility to find the derivative of the functions given in Examples 7, 8, and 9. Theg compare
the results with those given in the examples. Finally, try this exploration with other functions.

H Define f. (You can edit this line.)
> fr=x-> x™2%sqrt(1-x"2):
Evaluate f on the next line to find the derivative of f with respect to x symbolically.
U> "£'(x)":= D(£) (x);
H Compare the derivative above with the result in Example 7. Are the results the same? If not, rewrite the result above to see
that it matchés the one in Example 7.

Evaluate f' on the next line to simplify the derivative of f with respect to x symbolically.
U> £1(x)~'=factor (“£'(x) ) ;

0>

[1 How does Maple's simplified result of f compare with the result in Example 772

U Try this exploration for the functions given in Examples 8 and 9, and for functions of your own choice.



2.5 Graph an Ellipse and Tangent Lines (Example 4)

In this exploration you will use a computer algebra system to graph an ellipse and tangent lines
to the ellipse.

On the computer algebra system screen, you can edit the values of b, ¢, and x1. Depending on the
values that you choose, you may also need to edit the horizontal and vertical ranges for the graph.

The given computer algebra system screen shows an ellipse and tangent lines at the points where
x1 = 1. You are asked to find the slopes of the tangent lines. Then you are asked to try this explo-
ration with tangent lines at a different value of x1. Finally, you are asked to choose other values
for b and c to create a different ellipse.

T Specify the values of b and ¢, b > 0, ¢ > 0. (You can edit this line.)
> b:= 4: ¢:= 3:
Specify the parametric equations for x and y.

> X:=t-> h*sin(t): y:=t-> c*cog(t):
Specify value of x1, -b < x1 < b. (You can edit this line.)
> x1l:= 1:

Define the two tangent lines at x1.

> Tli=t-> -c/sqrt(l-x1"2/b"2) *x1/b"2* (t-x1) +c*cos (arcsin(xl/b)):

> T2:=t-> c¢/sqrt{l-x1"2/b"2)*x1/b"2#% (£-x1) -c*cos (arecsin(x1/b)):

Evaluate the following plot command to see the graph of x and y and the tangent lines at x = x1.

You can edit the horizontal range (initially x =-5..5) and the vertical range (initially y =-5..5).

(Note: In the graph, x and y are the solid red curve, T1 is the dotted blue line, and T2 is the solid green line.)

> plot ([TL(fx"),T2('x"), [x{(t),y(t),£=-5..5]], 'x'=-5..5, y=-5..5, color=[blue, green, red],
linestyle=[2, 1, 1], scaling=constrained, title="Graph of x and y and tangent lines at
x=x1", titlefont=I[TIMES, BOLD, 121);

>

Write the rectangular equation for this ellipse.

Analytically find the slope of the tangent lines at x = x1. Confirm your answers graphically.

Try this exploration for a different value of x1.

U Edit the values of b and c to try this exploration for a different ellipse.



2.6 Calculate the Rate of Change (Example 4)

In this exploration you will use a computer algebra system to calculate the rate of change of the
distance from the plane to the radar tracking station in Example 4.

On the computer algebra system screen, you can edit s, the distance from the plane to the radar
tracking station.

Consider the origin to be the radar tracking station and the point (x, 6) to be the plane. Each time
you enter a value of s, the corresponding value of x and the rate of change of s will be calculated.
You are asked to observe whether the rate of change of s is increasing or decreasing as the plane

gets closer to the station.

(

| e [ R —

Specify s, the distance from the plane to the radar tracking station. (You can edit this line such that s is no less than 6.)

> g:= 10;

Calculate x using the Pythagorean Theorem.

> X:= sgri(s™2-36);

Specify the constant speed of the airplane.

> dxdt:= -500:

Define the rate of change of s with respect to time t.

> dsdt:=(x/s) *dxdt;

Evaluate the plots command below to graph the position of the airplane and the radar station.

The position of the airplane is indicated by a red box.

The radar station is located at the origin and is indicated by a blue circle.

> plots[displayl ([plot([6*h/x,0, [x,t,t=0..611, h=0..x, color=[green],linestyle=[2]),
plottools [point] ([x,6], color=red, symbol=box), plottoolsIpoint] ([0,0], color=blue,
symbol=circle)], axes=frame, scaling=constrained);

>

Decrease the value of s and observe the new rate of change of s.

Is ds/dt increasing or decreasing as x approaches 0 from the right? Explain.



3.1 Graph a Function on a Closed Interval (Example 4)

In this exploration, you will use a computer algebra system to graph a ﬁ;nction on a closed
interval [a, b].

The computer algebra system screen shows the graph f(x) = 4x* — x* on the closed interval
[2, 4]. You are asked to graphically estimate the extrema of f on this interval. Then you are

asked to find the extrema of f on the closed interval analytically. Finally, you are asked to try
this exploration on the closed interval [ —1, 4], and on other closed intervals.

(1 Define f.
> fr= 4%x"3-x"4:
Specify a, -2 < a < 5. (You can edit this line.)
> as= 2:
Specify b, a < b < 5. (You can edit this line.)
> bi= 4:

Evaluate the following plot command to see the graph of f on [a, b].

| > plot(f, x=a..b, title="Graph of f on [a, b]", titlefont=[TIMES, BOLD, 12]);

0>

[] Use the graph to estimate the extrema on the interval [a, b]. Then find the extrema analytically by evaluating f at the critical
numbers and at the endpoints of [a, b].

U Try this exploration on the closed interval [-1, 4], and for other intervals of your choice.



3.2 Graph the Secant Line (Example 3)

In this exploration, you will use a computer algebra system to graph the secant line containing
two points on the graph of a function and a parallel tangent line.

On the computer algebra system screen, a function, f(x) = 4x — x?, and its derivative,
f(x) = 4 — 2x, are given. You are asked to apply the Mean Value Theorem to f on the
interval [— 1, 3], and use the graph to estimate the x-value at which the tangent line occurs.
Then you are asked to find this value analytically. Finally, you are asked to demonstrate the
Mean Value Theorem on a different interval.

[T Definef.

> frex->4%x-x"2: “f(x) "=f(x);
Define derivative.

> g::x->D(£)(x): TE(x) T=g(x);
Specify a, -2 < a < 4. (You can edit this line.)

> as= -1:
Specify b, a < b < 4. (You can edit this line.)
> b= 3:

Define s as the secant line through (a, f(a)) and (b, f(b)).

> s:=x->((£(b)-£(a))/(b-a))*(x-a)+E£(a):

Define c.

> c:=(1/2)*(4-(£(b)-£(a)) /(b-a)):

Define t as the tangent line to f at x = ¢ parallel to s.

> t(x):=g(c)*(x-c)+£(c):

Evaluate the following plot command to see the graph of f on [a, b] with the secant line s and tangent linet. (Note: In the

graph, fis the solid red curve, s is the dotted blue curve, and t is the dashed green curve.)

> plot(Is(x), t(x),[x, £(x), x=a..bl], x=-2..4, color=I[blue, green, red], linestyle=I[2, 2,
11);

0>

Use the graph to estimate the x-value at which the tangent line occurs. Then determine this x-value

analytically by finding the value of ¢ such that f(c) = [f(b) - f(a)}/(b - a).

L Try this exploration for a = -1 and b = 2. Write a statement describing how to find the value of ¢ that satisfies the Mean
Value Theorem for a function f on an interval [a, b].



3.3 Estimate the Relative Extrema

In this exploration, you will use a computer algebra system to estimate the relative extrema of
the graph of a function.

You are then asked to analytically determine the critical numbers of the function, and to decide
whether the graph shows the relative extrema suggested by the critical numbers.

If all relative extrema are not visible on the graph, you are asked to alter the viewing rectangle
by editing the x-range and the y-range for the graph.

Define function.

> Er=x-5>x¥3-8%x"245%x-2:

Evaluate the following plot command to see the graph of f.

You can edit the horizontal range (initially x =-3..3) and the vertical range (initially y =-5..2).

> plot(f(x), x=-3..3, y=-5..2, title="Graph of £, titlefont= [(TIMES, BOLD, 12]);

E Use the graph of f to estimate the relative extrema of f. Then find the critical numbers of f analytically. Do these values

indicate that there may be other relative extrema? If so, alter the viewing window so that the other extrema are visible. How
do you know how many relative extrema a given function may have?



3.4 Find Inflection Points of Polynomial Functions (Example 4)

In this exploration you will use a computer algebra system to graph polynomial functions
and determine the inflection points of the graphs of the functions.

On the computer algebra system screen, you can edit the function f. You can also edit the
x-range for the graph. Depending on the function you choose, you may need to edit the
vertical range for the graph.

You are asked to estimate the inflection points of the graph of £, and then verify these
analytically. Finally, you are asked to try this exploration using other polynomial functions,
and then to state a conjecture relating the degree of a polynomial function and the number
of inflection points of its graph.

[ Define function. (You can edit this line.)

> fr=x-> 3*x"5-7*x"3+2%x:

Evaluate the following plot command to see the graph of f,

You can edit the horizontal range (initially x =-4..4) and the vertical range (initially y =-4..4).

> plot(f(x), x=-4..4, y=-4..4, numpoints=300, title="Graph of £~, titlefont=[TIMES, BOLD,
U 121);

1 The graph of f has three points of inflection. Estimate these points of inflection. Then find the points of inflection of the
graph of f analytically.

Can you find a fifith-degree polynomial function that has two points of inflection? Verify your answer analytically.

Can you find a fifth-degree polynomial that has no points of inflection?

Can you find a fourth-degree polynomial that has no points of inflection?

Try this exploration with polynomial functions of different degrees.

State a conjecture that relates the degree of a polynomial function to the number of possible points of inflection the function
L may have. .




3.5 Graph a Function with a Horizontal Asymptote (Example 3)

In this exploration you will use a computer algebra system to graph a function with a horizontal
asymptote.

On the computer algebra screen, you are given two functions: f(x) = 3x — 2 and g{x) = 2x* + 1.
You can edit the function fand the x-range for the graph of f/g. Depending on the function you
choose, you may also need to change the vertical range for the graph.

You are asked to find the horizontal asymptote of the graph of
fx) _3x-2
glx) 2x*+ 1

Then you are asked to edit f'so that the graph of f/g will have a horizontal asymptote at y = 3.
Edit fagain so that the graph of f/g will have a horizontal asymptote at y = —3/2. Finally, you
are asked to edit /'so that the rational function f/g will have no horizontal asymptotes.

Define f, the numerator of the function. (You can edit this line.)

> Fi=x-> 3*x-2:

Define g, the denominator of the function.

> gi=x-> 2%x"4+1;:

Evaluate the following plot command to see the graph of f/g.

You can edit the horizontal range (initially x =-5..4) and the vertical range (initially y =-4..1).
> plot(f(x)/g(x), %= -5..4, y= -4..1, title="Graph of £/g~, titlefont=[TIMES, BOLD, 12]);
Determine the horizontal asymptote of the graph of f/g.

Edit f so that the graph of f/g will have a horizontal asymptote aty = 3.

Edit f so that the graph of f/g will have a horizontal asymptote at y = -3/2.

Edit f so that the graph of f/g will have no horizontal asymptotes.

| Write a statement about the degree of the function f if the fraph of f/g has no horizontal asymptotes.




3.6 Observe the End Behavior of a Polynomial Function
(Example 5)

In this exploration you will use a computer algebra system to observe the “end behavior”
of a polynomial function.

On the computer algebra system screen, you can edit the polynomial f/and the x-range for
the graph of /. Depending on the function you choose, you may also need to change the
vertical range for the graph.

The given function, f(x) = —x° + x* 4+ 7x3 — x? — 6x, is a function of odd degree (5) with
a negative leading coefficient (—1). You are asked to observe whether the graph rises or falls
as x moves without bound to the right and to the left. Then you are asked to edit f so that the
leading coefficient is positive. Observe the end behavior of this function.

Try this exploration with other functions of odd degree and write a conjecture about the
end behavior of odd-degree functions. Finally, you are asked to try the same exploration
with functions of even degree.

[1 Define function. (You can edit this line.)

> Fr=xX-> ~X"5+x744+7*x"3-x72-6%x:

Evaluate the following plot command to see the graph of f.

You can edit the horizontal range (initially x =-10..10) and the vertical range (initially y =-40..40).

> plot(f(x), %= -10..10, y= -40..40,numpoints=200,title="Graph of £~, titlefont=[TIMES,
U BOLD, 121);

Nl Determine the end behavior of the graph.

Edit f so that the leading coefficient is positive and again observe the end behavior.

Try this exploration for other polynomial functions of odd degree. Then write a conjecture about the end behavior of odd
degree polynomials.

Repeat this exploration for polynomials of even degree.




3.7 Calculate Distance (Example 2)

In this exploration you will use a computer algebra system to calculate the distance from
the origin to a point (x,, f{x,)) on the graph of y = 4 — x%.

On the computer algebra system screen, you can edit x,, the x-coordinate of the point
on the curve.

Initially, on the computer algebra system screen, x = 2 and the distance from the origin to the
point (2, f(2)) is calculated. You are asked to guess, check, and revise the value of x, to estimate
(to three decimal places) a point on the curve that is closest to the origin. Use the graph of the
curve with the distance shown as an aid.

Finally, you are asked to use calculus to solve the optimization problem for the exact point.

" Define function.

> fr=x-> 4-x"2:

Specify the value of x0, the x-coordinate of the point on the graph of y =4 — x*. (You can edit this line.)

> x0:= 2:

The distance from the origin to the point (x0, f(x0)).

> d= «/(_x() —0)* + (f{x0) - 0

Evaluate the following plot command to graph y =4 — X

> plots[display] ([plot(f(x), x=-3..3, y=-1..5, color=red,
scaling=constrained, title="Graph of vy = 4 - x"27,
titlefont=[TIMES,BOLD,12]), plottools[line] ([0,0], [x0,£(x0)],

color=blue, thickness=3)]):;
Edit the value of x0 to find a point (x0, f(x0)) on the curve closest to the origin. Give your value of x0 accurate to
| three decimal places. Then use calculus to solve this optimization problem for the exact point.




3.8 Use Newton’s Method (Example 2)

In this exploration you will use a computer algebra system to find a real zero of a polynomial
using Newton’s Method. ‘

On the computer algebra system screen, you can edit the polynomial £, the initial estimate x,,
and the x-range for the graph of /. Depending on the function you choose, you may also need
to change the vertical range for the graph.

The function, f(x) = x* + x + 1, and its graph are given. From the graph, an initial estimate for
the zero of fhas been chosen. Newton’s Method will be used to calculate a new approximation
for the zero. Continue this process until two successive approximations differ by less than 0.0001.
Try this exploration by choosing another polynomial for f.

Define f. (You can edit this line.)

> fr=x-> x " 34x+1:

Evaluate the following plot command to see the graph of .

You can edit the horizontal range (initially x =-4..4) and the vertical range (initially y =-10..10).

> plot(f(x), %= -4..4, y= -10..10, title="Graph of £°, titlefont={TIMES, BOLD, 12]);
1 An initial estimate for the zero of f, xn, is chosen. (You can edit this line.)

> xn:= -2.0:

To calculate an approximation of the zero for xsubnplus1 and the absolute value of the difference of xn and xnplus1,
evaluate the foliowing commands.

> xnplusl:=xn-f (xn)/D(f) (xn): 'xnpluslt!=evalf (xnplusl, 6);

L Difference:= evalf (abs (xn-xnplusl),8);

(1 To obtain a better approximation, type in the value of xnplus1 for xn and evaluate the commands.

Repeat this process until [xn - xnplus1] < 0.0001. How many iterations did it take to obtain this approximation?

From the graph of f you can see that x = -1 might be a better initial estimate for the zero. Edit xn so that xn = -1 and repeat
the exploration. Did it take more or less iterations than the previous choice for xn?

U Try this exploration by choosing another polynomial for f.



3.9 Linearization of a Function at a Point (Example 1)

In this exploration you will use a computer algebra system to investigate the local linearization of
a function at a point. The local linearization of a function is the tangent line at the point (x,, f{x,))
given by the first-degree polynomial P,(x) = f{x,) + f/(x,)(x — xo).

On the computer algebra system screen you can edit the function f'and the x-coordinate of the
point (x,, f{x,)). You can also edit the x-range and the y-range for the graph. You are asked to
approximate the largest viewing rectangle for which the function of fand the linearization of P,
appear to have the same graph. You are then asked to try the exploration for other functions at
other values of x,,.

[l Define f. (You can edit this line.)

> fr=x-> 1/x%:

Specify the value of x0. (You can edit this line.)

> x0:= 1:

Define the local linearization P1.

> Pl:=x->D(£f) (x0) * (x-x0) +£(x0) :

Evaluate the following plot command to see the graph of f.

You can edit the horizontal range (initially x =-0..4) and the vertical range (initially y =-2..6).

(Note: In the graph, f is the solid red curve and P1 is the dotted blue curve.)

> plot ([f(x),P1{x)], x=0..4, y=-2..6, color=[red, blue], linestyle=[1, 2], title="Graph of
£ and P1™, titlefont=[TIMES, BOLD, 121):

>

Write the expression for the function P1.

Edit the x-range and the y-range to approximate the largest viewing rectangle for which
the function f and the local linearization P1 appear to have the same graph. What can
you say about the error of the local linearization on this interval?

L Edit x0 so that x0 = 2 and repeat this exploration.




4.1 Find an Antiderivative of a Function (Example 3)

In this exploration you will use a computer algebra system to find an antiderivative of a function.

On the computer algebra system screen. you can edit the integrand. Each time you do this you
will be given an antiderivative. Notice that you must add the constant of integration to obtain
the general solution. You are asked to use the symbolic integration utility to evaluate the other
two integrals in Example 3. Finally, you are asked to try this exploration by choosing other
functions for f.

[l Define f. (You can edit this line.)

> f:=x-> sqgrt(x):

Evaluate the next command to evaluate the indefinite integral.
> Int(£(x),x)=int (£(x),x);

[l Use the result above to write the general solution. Use the set up above to find the antiderivatives of
1
— and 2 sin(x).
X
Your results should agree with those given in Example 3.

Try this exploration for the foliowing integrals.

r

1
Jw/;+2«/;dx

(2

x'+1

2
X

dx

v

| Jtan(x)2+ 1dx



4.2 Approximate Area (Example 6)

In this exploration you will use a computer algebra system to numerically approximate the area of
a given region using a table of upper and lower sums.

On the computer algebra system screen, you can edit the value of ¢, the constant in the function
f{x) = ¢ — x?, and the values of a and b, the lower and upper limits of integration.

The computer algebra system will generate a table of upper and lower sums for the number of
subintervals n = 4, 8, 12, 16, 20 and 24. You are asked to use the table to approximate the area
of the region. You are then asked to repeat the exploration, changing the values of a, b, and c.

Specify the value of ¢, ¢ is in the interval (0, 10]. (You can edit this line.)

> Ci= 4:

Define f.

> f1= X -> c-x"2:

Specify the value of g, a is in the interval [0, b). (You can edit this line.)

> as= 1:

Specify the value of b, b is in the interval (g, J;]. (You can edit this line.)

> b:= 2:

Define n.

> n:= [seq(4*j,d=1..6)]:

Define lower sum.

> sn:= seq( sum{ (f((a+(b-a)*i/N)))*(b-a)/N, i=1..N), N = n):

Define upper sum.

> Sn:= seqg{ sum( (f((a+(b-a)*(i-1)/N)))*(b-a)/N, i=1..N), N = n):

Evaluate the following commands to see the graph of f for n = 4 and a table of upper and lower sums for the number of

subintervals n = 4, 8, 12, 16, 20, and 24. X

> xi='xts e SPpcING T LS TRAT
with(linalg): T
stackmatrix([™n 7, sn ~, Sn "1, augment(n, [evalf(sn,4)], [evalf(sn,4)1));

> plot([£(x), [[a,0],[a,£(a)], [a+(b-a)/4,£(a)], [a+(b-a)/4,0], [a+(b-a)/4,f(a+(b-a)/4)],
[a+2* (b-a)/4,f(a+(b-a)/4)]1, [a+2*(b-a)/4,0], [a+2*(b-a)/4,f(a+2*(b-a)/4)1],
[a+3*(b-a) /4, f(a+2%(b-a)/4)], [a+3*(b-a)/4,0],[a+3*(b-a)/4,f(a+3*(b-a)/4)1,
[b,f(a+3*(b-a)/4)], [b,01]1], x=a-1..b+l, y=0..c, color=[red, blue], scaling=constrained,

L title="Graph of £~, titlefont=[TIMES, BOLD, 121);

Ml The output above shows the lower and upper sums for several values of n.

Use the sums to approximate the area of the region bounded by the graph of f and the x-axis between x = a and x = b.

Change the values of a, b, and ¢, and use the new output to approximate the area of the new region.

U How does sn compare with Sn?




4.3 Evaluate a Definite Integral (Example 4)

In this exploration you will use a computer algebra system to evaluate a definite integral.
On the computer algebra system screen you can edit the values of a and b, the limits of the
definite integral.

The definite integral,

b
f 2x dx,

is given with a = — 1 and b = 3. The computer will evaluate the definite integral and sketch
the graph of f{x) = 2x on the interval [a, b]. You are asked if the value of the definite integral
represents the area of the region. Then you are asked to find the value of

f 2x dx.
b

Finally, you are asked to try this exploration with other intervals.

Specify the value of a. (You can edit this line.)

> as= -1:

Specify the value of b. (You can edit this line.)

> b= 3:

Define f.

> fi=x-> 2%x:

Evaluate the following commands to calculate the definite integral and see the graph of f.

> Imt(£(x),x=a..b)=int (f(x),x=a..b);

> plot([f(x), [a,x,x=0..f{(a)], [b,x,x=0..£(b)]1, x=a-1..b+1l, color={[red,blue,bluel,
thickness=[2, 1, 1], scaling=constrained, title="Graph of £f~, titlefont=[TIMES,BOLD,12]);

Does the value of the integral represent the area of the region?

Use the value given to evaluate the integral of 2x where b is the lower limit of integration and a is the upper fimit of

integration.

Try this exploration on the intervals [-5, 2], [0, 4], and [1, 5].




4.4 Evaluate a Definite Integral (Example 1)

In this exploration you will use a computer algebra system to evaluate a definite integral.

On the computer algebra system screen you can edit the function f and the lower and upper limits,
a and b, for the definite integral. Remember f must be continuous on the interval [a, b]. You can
also edit the x-range for the graph of f.

On the computer algebra system screen you will be given the value of the definite integral
% f(x)dx and the graph of f.

Use this result to evaluate the integral f; f(x)dx. Try this exploration over the interval [—3, 3].
Then try this exploration for other functions.

Define f. (You can edit this line.)

> Fi=x-> 3/(x"2+1):

Specify a. (You can edit this line.)

> a:= -2:

Specify a. (You can edit this line.)

> b= 1:

Evaluate the following commands to calculate the exact and approximate values of the definite integral and to see the

graph of f.

> Int (£ (x),x=a..b)=int(f (x),x=a..b);

> Int (£ (x),x=a..b)=evalf (int (£ (x),x=a..b));

> plot([f(x),[a,x,x=0..£(a)],[b,x,x=0..£(b}]], x=a-1..b+l,
color=[red,blue,blue],thickness=[2,1,1], scaling=constrained, title="Graph of £7,
titlefont= [TIMES,BOLD,12]);

What is the exact answer given? What is the approximate answer? Use the result given above to evaluate the integral of f

where b is the lower limit and a is the upper limit. (Note in the result the "arctan”, which represents the arctangent function.)

Edit a and b so that a = -3 and b = 3. Give both the exact answer and the approximate answer.

Try this exploration by choosing another function for f and other values of a and b.



4.5 Evaluate an Integral (Example 5)

In this exploration you will use a computer algebra system to evaluate the integral

xn
Jex + ddx'

On the computer algebra system screen you can edit the values of ¢, d, and n. Each time you

do this the computer will evaluate the integral. You are asked to evaluate the integral with pencil
and paper by making a change of variable. You are then asked to compare your result with that
given by the computer. If the results are not identical, you are asked to decide whether they are
equivalent. Finally, you are asked to try this exploration with other values of ¢, d, and n.

Specify the value of ¢, 0 < ¢ < 5. (You can edit this line.)

> ¢:= 1:

Specify the value of b, -3 < d < 3. (You can edit this line.)

> d:= -1:,

Specify the value of n, n =1, 2, 3, 4. (You can edit this line.)

> n= 1:

Define f.

> fi=x-> x"n/sqrt(c*x+d):

Evaluate the next command to calculate the indefinite integral of f.
> Int (£(x),x)=int (£(x),x);

[l Evaluate the integral of f with pencil and paper by letting u = ¢x + d. Does your result agree with that given by the
computer? If not, show that the two results are equal.

Try this exploration for other values of ¢, d, and n.



4.6 Simpson’s Rule (Example 2)

In this exploration you will use a computer algebra system to approximate a definite integral using
Simpson’s Rule.

On the computer algebra system screen you can edit the function f and the limits on the integral, a
and b. The computer will calculate the definite integral using Simpson’s Rule with » = 8. You are
asked to find an antiderivative for ' and then evaluate the integral using the Fundamental Theorem
of Calculus. Then, you are asked to compare your result with that given by the computer.

1 Define f. (You can edit this line.)

> fr=x-> x"4-x"3:

Specify a. (You can edit this line.)

> ax= 0: ~

Specify b. (You can edit this line.)

> b:= 2:

Specify n, the number of subintervals for Simpson's Rule.

> n:= 8:

Evaluate the next command to use Simpson's Rule for n = 8 to approximate the definite integral of f(x) where a is the lower
limit of integration and b is the upper limit of integration.

> evalf(((b-a)/(3*n))*(f(a)+4*f(a+(b-a)/n)+2*E(a+2*(b-a)/n)+4*£(a+3* (b-a) /n) +2*£(a+4* (b-a)/
1 n)+4+*f (a+5*(b-a) /n) +2*f (a+6*(b-a) /n)+4*f(a+7* (b-a) /n)+£(b)));

Write the definite integral that has the approximate answer given above.

Find an antiderivative for f and use the Fundamental Theorem of Calculus to evaluate the integral. Compare your

result with that given by Simpson's Rule. )

Try this exploration with the following.
1.f(x)=6x-5x+3,a=-1,b=2

3
2.f)=x(*+1),a=0,b=1
U For which of these integrals does Simpson's Rule give an exact answer? Explain.




5.1 Slope of a Tangent Line (Example 3)

In this exploration you will use a computer algebra system to investigate the slope of a tangent
line to the graph of a function of the form

flx) =alnx — %x.

On the computer algebra system screen, you can edit the values of a and b. Each time you do
this, you will be shown the graph of f and the derivative of 1. You are asked to find the slope of
the tangent line at the points where x = 1, 5, 9, and 15. Then you are asked to visually estimate
the value of x at which f(x) has a relative maximum. Verify your result analytically. Finally, find
‘the open intervals on which f'is increasing or decreasing.

Specify a, a > 0. (You can edit this line.)
> ar= 6:

Specify b, b must be nonzero. (You can edit this line.)

> b= 2:

Define f. .

> £:=x-> a*ln(x)-(1/b) *x:

Evaluate the following commands to find the derivative of f and to see the graph of f.

> Tf '"":=D(£) (x);

> plot(£(x), x=0..50, title="Graph of £~, titlefont=[TIMES,BOLD,12]);
Write the function f for the values of a and b given above.

Find the slope of the tangent line at the points where x = 1, 5, 9, and 15.

Visually estimate the value of x at which f has a relative maximum. Verify your result analytically.
Find the open intervals on which f is increasing or decreasing.

U Try this exploration for other values of a and b.




5.2 Evaluate a Definite Integral (Example 5)

In this exploration you will use a computer algebra system to evaluate the definite integral

iR
x+ 2

a

On the computer algebra system screen, you can edit the polynomial £, and the lower and upper
limits, a and b.

You are asked whether the value of the definite integral

[ 2

x+ 2
represents the area of the region bounded by the graph of y = f{x)/(x + 2), the x-axis, and the
lines x = g and x = b. Then you are asked to verify the result using long division (if necessary) »
and the Fundamental Theorem of Calculus.

P Define f. (You can edit this line.)
> fr=x-> x*3-x+1:
Specify a, the lower limit of integration, a > -2. (You can edit this line.)

> azx= 1:
Specify b, the lower limit of integration, a <b < 10. (You can edit this line.)
> b:= 5:

Evaluate the following commands to evaluate the integral of f(x)/(x+2) and to graph f(x)/(x+2).

> Int{f(x)/(x+2),x%x=a..b)=evalf(int (£({x)/(x+2),x=a..b));

> plot ([£{x)/ (x+2), [a,%x,x=0..£(a)/(a+2)], [b,x,x=0..£(b)/(b+2)1], x=-2..10,
y=-2..£(b)/(b+2)+1, color=[red,blue,blue]l, thickness=[2,1,1], title="Graph of
£f(x)/(x+2)~, titlefont=[TIMES,BOLD,12]);

i Write the function f(x)/(x+2) for the particular function f given above.

Does the definite integral represent the area of the region bounded by

the graph of y = f(x)/(x+2), the x-axis, and the lines x = a and x = b?

Verify the result above by using long division {if necessary) and then

applying the Fundamental Theorem of Calculus.

Write a statement about how you know when division of a rational function is necessary in order to evaluate the integral of

that rational function.

Try this exploration for other values of a and b, and for other polynomials.




53  Determine If a Function is One-to-One (Example 4)

In this exploration you will use a computer algebra system to visually determine whether a
function is one-to-one.

On the computer algebra system screen you can edit the function f and the x-range for the
graph of f. You are asked to use the graph of f'to visually determine whether f'is one-to-one.
If fis one-to-one, you are asked to find its inverse. If fis not one-to-one, you are asked to
find an interval for which f'is strictly monotonic. Finally, you are asked to try this exploratlon
for other functions.

W Define f. (You can edit this line.)
> £r=x-> (x74)"(1/5)+1:
Evaluate the next command to graph f.
You can edit the horizontal range (initially x=-6..6) and the vertical range (initially y=0..5).
> plot(£(x), x=-6..6, y=0..5, scaling=constrained, title="Graph of £,
U titlefont=[TIMES,BOLD,121);
[} Use the graph to visually determine whether f is one-to-one. If f is one-to-one, find its inverse. If f is not
one-to-one, find an interval for which f is strictly monotonic.

Try this exploration for these other functions.
a.flx)=x+1

b. f(x)=4x-x*
3x+4
c.flx)=
x-2

d. flx)=(x+ 3)(;)
U e. f(x) =tan(x)




—

5.4  The Normal Probability Density Function (Example.5)

In this exploration you will use a computer algebra system to calculate the area of a region

bounded by a normal probability density function (whose mean is 0)

o—©/207

flx) =

and the x-axis on a closed interval.

o2

On Fhe computer algebra system screen you can choose a value for o and the upper limit for A
the 1ntegra1 b. Thc.e computer will graph fand calculate the area of the region bounded by fand
-the x-axis on the interval [— 5, b]. You are asked to evaluate this area for several values of b and

form a conclusion.

Specify the value of sigma, sigma > 0. (You can edit this line.)

> sigma:= 1: :

Define f, the normal probability density function.

> fr=x-> (1/(sigma*sqrt(2*Pi)))*exp(l)*(—x*Z/(Z*sigma*z)):

Specify the value of b, b > 0. (You can edit this line.)

> b:= 1:

Area of region bounded by f and the x-axis on [-b, b].

> “Area~:=evalf (int (f(x),x=-b..b),5);

Graph f. Double click on 'plot’ to see the graph.

> plot([£(x), [[-b,0],[-b,E£(-b)11,[[b,0], b,f(b)11],x=-2*max(sigma,b).
(0), color=[red,blue,bluel. thickness={1,2,2], title="Graph of £, x
titlefont=[TIMES,BOLD,12]1);

.2*max (sigma,b) ,y=0..
= -b, and x = b7,

Try editing the values of sigma and b to make the area of the region as large as possible. What is the maximum area?

If sigma = 1, what value of b gives an area greater than 0.997

If sigma = 2, what value of b gives an area greater than 0.99?

If sigma = 3, what value of b gives an area greater than 0.997 ;
In general, for any value of sigma, what value of b gives an area greater than 0.99?



5.5 Comparing Continuous and Quarterly Compounding
(Example 6)

In this exploration you will use a computer algebra system and trial and error to determine the

length of time necessary for $2500 invested at 4.5% annual i
‘ J . interest to grow to $10,000
interest is compounded quarterly and continuously. ¥ whea e

On the computer algebra system screen you can edit the value of 7, the time in years. Each time
you do this t.he computer will calculate the balance in an account with quarterly compounding and
the balance in an account with continuous compounding. '

Your task is to use trial and error to determine the value of ¢ (to two decimal places) that will yield

'$10,000 when the interest is com d ill yi
; . pounded quarterly and the value of ¢ that
the interest is compounded continuously. ’ ot il yield $10.000 when

" Specify the number of years t. (You can edit this line.)

> t:= 10:

Specify the amount of the deposit P.

> P:=2500:

Specify the annual interest r in decimal form.

> r:=0.045:

Spegcify the number of compoundings per year n.
> n:=4:

Account balance with interest compounded n times per year
> Al:=P* (1+r/n) " (n*t): “Interest compounded quarterly“::evalf(Al,?);

Account balance with interest compounded continuously.

B A2:=P*exp (1) " (r*t): "Interest compounded continuously :=evalf(n2,7);
0> . .
1 Edit the value of t, using trial and error, to determine the number of years (to two decimal places) necessary for the account

balance to be $10,000 when the interest rate is compounded quarterly.
Then find the number of years that will yield $10,000 when the interest is compounded continuously.

Which type of compounding would you like to have for your account? Explain.




5.6 Population Growth (Example 4)

In this exploration you will use a computer algebra system to find the values of C and £ for the
exponential growth or decay model y = Ce¥. :

On the computer algebra system screen, you can edit the values of y; (the population when ¢ = 2)
and y, (the population when ¢ = 4). The computer will calculate the values of C and £ for the
exponential model y = Ce¥. You are asked whether this is a growth or decay model. Then you are
asked to use the model to find the population when t = 0 and ¢t = 10. Finally, you are asked to try -
this exploration by choosing other values for y, and y,.

Population when t = 2. (You can edit this line.)

> yl:= 100:
Population when t = 4. (You can edit this line.)
> y2:= 200:

Define the constant k.

1(v2)
l P
i v/ e

> k:="—;L—— ~evdﬁk) :

Define the constant C.

> Cr=yl™2/y2;

Define exponential growth (or decay) model.

> y(t) :=C*exp (k*t):

Evaluate the next command to graph y and calculate the values of k and C.

You can edit the horizontal range (initially t=0..4) and the vertical range (initially y=0..200).

> plot(y(t), t=0..4, y=0..200, title="Graph of y(t) = Ce”(kt)"~, titlefont=[TIMES,BOLD,12]);
7 Write the exponential model for this exploration. Is the model a growth model or decay model?

Use this model to find the population when t = 0 and t = 10.

Edit y2 so that y2 = 12 and repeat the exploration.

State how you can tell from the graph whether the model is a growth model or a decay model

U State how you can tell from the exponential model whether the model is a growth model or a decay model

|




5.7 Finding a Particular Solution (Example 2)

In this exploration you will use a computer aigebra system to find a particular solution to the
differential equation xy’ — 3y = 0. In Example 2, you found the general solution to be y = Cx3.
On the computer algebra system screen, you can edit x; and y,, the values of the initial condition.
The computer will find the corresponding value of C and graph the curve y = Cx> subject to the
initial condition. Note that the curve passes through the point (x5 y‘) You are asked to write the
equation of the particular solution. Try this exploration by choosing other values for x; and y,.

1

xy'- 3 y= 0 is the differential equation.

y = Cx is the general solution. : .
> print( xy' - 3y = 0, the differential equation”); :

> print(y = Cx”3, the general solution”};

Specify x1, the x-value of the initial condition. (You can edit this line.)

> x1: -3:
Specxfy y1, the y-value of the initial condition. (You can edit this line.)
> yl:= 2:

Def‘ ne the value of C

Evaluate the next command to graph y = Cx’ subject to the initial conditions x = x1 and y = y1 and evaluate the value of C.

> plots[display] ([plot(C#*x™3, x=-5..5, y=-9..9), plot([[x1l,y1]}, color=blue, style=point,
symbol=box)], scaling=constrained, title="Graph of y = Cx"3 subject to the initial
conditions x = x1 and v = y1~, titlefont=[TIMES,BOLD,121);

Note that the curve passes.through the point (x1, y1). '

Write the equation of the particular solution.

Choose values of x1 and y1 so that {x1, y1) lies in the third quadrant.

In this case Is the graph of y= Cx’ an increasing curve or a decreasing curve?

In what two quadrants must the point (x1, y1) lie in order that the graph of y = Cx® is a decreasing curve? Explain.



5.7  Separation of Variables (Example 3)

In this exploration you will use a computer algebra system and separation of variables to solve
differential equations. You are asked to write the differential equation in the form

g)dy = flx)dx.

On the computer algebra system screen, you can edit the functlons f(x) and g(y). The computer
will evaluate the integrals

f fx)dx and f g(y)dy.

‘Then you are asked to write the general solution of the differential equation. If possible, solve
the equation for y. Try this exploratlon for the other differential equations given on the computer

algebra system screen.
2

N Define f, the function of x. (You can edit this line.)

> fr=x-> 1/x:

Define g, the function of y. (You can edit thls line.)

> gi=y-> (y-1)/y: ,

Evaluate the commands for the following integrals.

> Int(f({x), x) = int(£(x), x); -

> Int(gly), y) = int(g(y), ¥v)+7 - : v

N Write the general solution of the differential equation g(y) dy f(x) dx. If possible, solve the equation for y.

Try this exploration for these differential equations. (Write the equation in the form g(y) dy = (x) dx.)

dy '

dx

¥ e(2x) + L4
dx

E}_’_ (-y) .
] cbc—e sin(x)

—4xy

=0




5.8 Maximizing an Angle (Example 7)

In this exploration you will use a computer algebra system to determine the distance a camera
should be from a painting in order to maximize the angle subtended by the camera lens.

On the computer algebra system screen, you can edit the value of &, the height of the painting.
Assume that the vertical distance remains at 5 feet. Let 8 be the angle subtended by the camera
lens. The computer will calculate the value of x, the distance from the camera to the painting, for
which dB/dx = 0. You are asked to*find the angle 8. Then you are asked to try this exploration
for a painting with a different height .

M Sp;cify the value of h, the height of the painting, 0 <h < 5. (You can edit this line.)
> h:= 3:

Define angle theta.

> theta:=x-> arccot(x/5):

Define angie alpha.

> alpha:=x-> arccot (x/(5-h}):

Define beta, the angle subtended by the camera lens.

> beta:= theta-alpha:

d(B)

Evaluate the following commands to see the derivative of beta with respect to x and solve for x in i s 0.
X

> “d(beta) /dx :=D(beta) (x);

> X = solve(D(beta) (x), x);

1 Solving for x in d(beta)/dx = 0 yields the solution 4/ 10. (The negative solution can be "thrown out".)
Use this solution to approximate beta.

U Try this exploration for a painting of a different height h.




5.9 Completing the Square (Example 4)

In this exploration you will use a computer algebra system to evaluate the integral

1
— dx.
fax2 + bx + ¢

On the computer algebra system screen you can edit the values of a, b, and c¢. The computer
will evaluate the indefinite integral

1 g
——dx.
fax2 +bx +c

You are asked to complete the square on the polynomial ax?* + bx + ¢ and then rewrite the
integral. Then, use pencil and paper to evaluate the integral. Finally, you are asked to compare
your result with that obtained by the computer algebra system screen.

1

Specify the value of a. (You can edit this line.)

> az= 1:

Specify the value of b. (You can edit this line.)

> b:i= 3:

Specify the value of c. (You can edit this line.)

> C:= 4:

Define f.

> f:= x-51/(a*x"2+b*x+c) ¢

Evaluate antiderivative of f.

> Int(£(x),x) = int(f(x),x);

Complete the square on the polynomial ax® + b x + c. Then use pencil and paper to evaluate (if possible) the antiderivative
of f.

Does your answer agree with the one given by Maple?
L Try this exploration fora=-3,b=2,and c = -1.

|y




5.10  Hanging Power Cebles (Example 3)

Power cables are suspended between two towers, forming a catenery with t'he.equation'

y=a cesh(x/a)

On the computer algebra systcm screen you can edit the value of a, the constant in the equatlon
Each time you do this the computer will graph the catenary. You are asked to calculate the value of

- x when towers of height 10 feet are placed to the right and to the left of the y-axis (the cable lies

along the graph of y = a cosh(x/a)). Similarly you are asked to find x for tower heights of 12 feet
and 14 feet. Finally, you are asked to try this exploration for another value of a.

Specify the value of a, 0 < a < 10. (You can edit this line.)

> a:s= 8: ’

Define y, the model of the height of the cable suspended between the two towers.
> y:=x-> a*cosh{x/a):

Evaluate the foliowing command fo graph . You can ed:t the graph's horizontal range (initially x=-10. 10) an

range (initially y=0..20). .
> plot(y(x), x=-10..10, y_U .20, scaling=constrained, tltle— Graph of y .

titlefont=[TIMES,BOLD,12]); :
Find where 10-foot towers should be placed to the right and to the left of the y-axis if the cable hes along the graph of y.

(Hint: Find x when y = 10.) Check the reasonableness of your answer by usxng the graph to wsuauy es’umate x when y =10.

Find x when both tower heights are (a) 12 feet and (b) 14 feet. -
Try this exploratlon for another value ofa. =~

d the vertical



6.1 Find the Area o“ the Region Between Graphs (Example 4)

In this exploration you will use # computer algebra system to graph the functions f{x) = 5(x — x3)
and g(x) = ax. You can edit the palue of g, —8 < a < 5. You are first asked to find the points

of intersection of f and g. Then you‘are asked to use this result and the graphs of the functions

to write the sum of the integrals|that represent the area of the region bounded by the graphs of
fand g. You are then asked to uge symmetry to write a single integral that represents the area.
Finally, you are asked to try thig exploration for other values of a.

Define f.

> £1=x~->5*% (x-x"3):

Specify the value of a, -8 < a < 5. (You gan edit this line.)

> a:= -2:

Define g.

> gr=x->a¥*x:

Evaluate the next command to see the gtaph f and g.

You can edit the horizontal range (initjally x =-3..3) and the vertical range (initially y =-3..3).

(Note: In the graph, f is the solid red curve and g is the dotted blue line.)

> plot ([£(x),g(x)], x=-3..3, y=t3..3, color={red, bluel, linestyle=[1, 2], numpoints=100,
title="Graph of £ and g~, titlefont=[TIMES,BOLD,12]);

Find the points of intersection of f and g. ' —

Write the sum of the integrals that represenis the area of the region bounded by the graphs of f and g. Then use symmetry

to write a single integral that represents the area and evaluate the integral. .

U Try this exploration again by choosing another value for a.

|

———



6.2 Manufacturing (Example 5)

In this exploration a manufacturer drills through the center of a metal sphere of radius 5
inches as in Example 5.

On the computer algebra system screen you can specify 7, the radius of the hole. After the
value of r is chosen you must calculate the value of a to determine the limits of integration.
Then you are asked to calculate the volume of the hole cut from the sphere. Finally, you are
asked to guess, check, and revise r to find a value of r for which the Volume of the ring equals
the volume of the hole.

( Define R.
> Ri=sqgrt{25-x"2):
Define r, the radius of the hole, 0 <1 < 5. (You can edit this line.)
> r:= 1:
Specify the value of a, the x-value of the point of intersection of R and r. (You can edit this line.)
> ai=s 2%sqgrt(6):
Define the volume V of the metal ring.
> Vi=int (Pi*(R"2-r"2), x=-abs(a)..abs(a)):
Evaluate the next command to see the graph of Rand .
You can edit the horizontal range (initially x =-6..6) and the vertical range (initially y =-4..8).
(Note: In the graph, f is the solid red curve and g is the dotted blue line.)
> plot ([ Ix,R(x),x=-abs(a)..abs(a)], [x,r(x),x=-abs(a)..abs(a)]l]l, x=-6..6, y=-4..8,
i color=[red,blue], linestyle=[1,2], title="Graph of R and r~, titlefont= [TIMES,BOLD,12]);
U Evaluate the next command to calculate the volume V of the metal ring formed by rotating the region about the x-axis.
> "Wizevalf(V);
Determine the volume of the hole cut from the metal sphere.
Try this exploration by choosing another value forr.
After you choose r, you must calculate the value of a to determine the limits of integration.
Guess, check, and revise the value of r to find a value of r for which the volume of the ring equals the volume of the hole.




6.3 Find the Volume of the Solid Formed by Revolving the
Region about the y-axis (Example 3)

In this exploration you will use a computer algebra system to find the volume of a solid of
revolution by the shell method. The region is bounded by the graphs of y = x2 + 1,x = 0,

x = 1,and y = ¢, and is revolved about the y-axis. On the computer algebra system screen

you can edit the value of ¢ to create a new region. Each time you do this, you must also edit h,
the height of a representative rectangle. The computer will then calculate the volume of the solid
generated by revolving the region about the y-axis. You are asked to try this exploration with

c=1,—1,and 2.

] Specify the value of c, the horizontal boundary. (You can edit this line.)
> ¢:= 1/2:
Define p, the distance from the center of the representative rectangle to the axis of revolution..
> px):i=x:
Define h, the height of the representative rectangle. (You can edit this line.)
> hix):= x*2+1/2:
Evaluate the following commands to calculate the volume of the solid formed by revolving the region about the y-axis and
graph the region bounded by y=x*+1,y=c, x=0, and x= 1.
> “Volume™:=2*Pi*int (p(x)*h(x),x=0..1);
plot ([[x,x"2+1,x=0..1], [x,c,x=0..1], [[1,e],[1,2]1], x=-1..2, y=-1..2,
color=[red,blue,green],linestyle={1,1,1], scaling=constrained, title="Graph of the region
J bounded by y = x*2 + 1, Yy=¢, x =20, and x = 17, titlefont=[TIMES,BOLD,12]);
] Change the value of ¢ so that ¢ = 1. Then edit h, the height of the representative rectangle, to reflect the change’'in the
boundary y = c.
U Try this exploration forc = -1 and ¢ = 2.




6.4 Find the Arc Length Between a and b (Example 4)

In this exploration you will use a computer algebra system to find the arc length of a function
Jfbetween a and b. On the computer algebra system screen you can edit the function f'and the
values of g and b. You are asked to graphically determine which of the intervals

[0, 1], [1, 2], or [2, 3]

yields the greatest arc length for £. Then you are asked to verify your answer analytically by
editing the values of g and b to find the arc length of f on the intervals [1, 2] and [2, 3]. Finally,
you are asked to try this exploratlon by choosing another function for fthat is continuous on the
interval [0, 3].

[ Define f. (You can edit this line.)
> Er=x-> (3%*x"2)/(x"2+1):
Specify a, the left endpoint of the interval. (You can edit this line.)

> a:= 0:
Specify b, the right endpoint of the interval. (You can edit this line.)
> b:= 1:

Define the derivative of f.

> “f'Ti=simplify (D(f) (x));

Define the arc length of f between a and b.

> "Arc Length™:=evalf (int (sqrt (1+(D(f) (x))"2),x=a..b));

Evaluate the next command fo see the derivative of f, the arc length between a and b, and the graph f.
You can edit the horizontal range (initially x=-3..3) and the vertical range (initially y=1..5) of the graph.

> plot(£(x),x=-3..3,y=-1..5,title="Graph of f~, titlefont=[TIMES,BOLD,12]);

On which of the intervals [0, 1], [1. 2], and [2, 3] does the function f have the greatest arc length?

Edit the values of a and b to calculate the arc length of f on the intervals [1, 2] and {2, 3].

U Try this exploration by choosing another function for f that is continuous on the interval [0, 3].

—




6.5 Find the Work Done on a Spring (Example 2)

In this exploration you will use a computer algebra system to find the work done on a spring
that has a natural length of 26 centimeters as shown in the first figure below. A force of 1000
dynes stretches the spring to a length of s centimeters as shown in the second figure below.
The computer will calculate the work done to stretch the spring from a length of a centimeters
to a length of b centimeters.

On the computer algebra system screen you can edit the values of a, b, and s. You are asked

to identify the appropriate units for the value given for the work done, and fo find the spring
constant. You are also asked to find the work done by the spring in returning to its natural length.
Finally, you are asked to try this exploration for other values of a, b, and s.

Stretchad (s— 26) em

Natural Length (F=0)

A AR A

Specify s, the spring's length (in cm) when stretched by a force of F = 1000 dynes, 26 < s < 32. (You can edit this line.)
> s:= 27.5:
Specify a, the spring's initial length (in cm), 26 < a < 32, (You can edit this line.)

—|

> az= 28:
Specify b, the spring's final length (in cm), a <b < 32. (You can edit this line.)
> b:= 30:

Define and evaluate the integral for work when the spring is stretched fromato b.
> "Work™:=int ((1000/(s-26))*x,x=a-26..b-26);

Identify the appropriate units for the work done.

What is the spring constant?

How much work would the spring do in returning to its natural length of 26 cm?

L Try this exploration for other values of a, b, and s.




