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(a) Use the following three data points Po

PO) = 6, P, = P(9) = 52, and P;

9

P(18) = 163 to estimate r and k: Seth = 9.

Equation (1.17) gives

- 1]n(163(52—5)

=g -6-(-1—63_—52)) = 0.269.

Then using this in equation (1.16), one obtains

_ (©)(52)(1 — e™0299)

" 6 — 52¢-02690)

= 205.90

The plot of the logistic solution with these
rameters is shown in the following figure.
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(b) To compute the parameters we want (o find

Pa.

val-

ues of the parameters Py, r, and K which min-

mize

with parameters Py, r, and K. Using a
linear least squares minimization
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(c) If we use only three points to compute the pa-
rameters, the fit of the logistic model is
fit

poor. However, if we use all of the data
is quite good.

2

(a) Let P(r) represent the balance at the end of ¢
years. Let r represent the annual rate and Fy
the initial investment. Thus,

P'=rP, P(0)=P.
Consequently,

P(t) = Poe",
P(10) = 2000¢°%610),
P(10) ~ $3, 644.24

(b) Insemiannual case, m = 2. Furthermore, there
are 20 compounding periods in 10 years, so

0
P(20) = 2000 (l 4 %‘é) a2 $3,612.22.

In the monthly case, m = 12. There are 120
compounding periods in 10 years, so

H 120
© P(120) = 2000 (1 + %ﬁ-)_.. ~ $3, 638.79.

In the daily casc, m = 365. There are 3650
compounding periods in 10 years, so

0.06*%

14 365 7= $3, 644.06.

P(3650) = 2000 (

) Use & = (mg)/x o determine the spring constant,

. 5kg x 9.8m/s”
0.75m

Using the model

k = 65.3N/m.

my" + py' +ky = F(r),

we note that there is no damping (1 = 0) and there
is no driving force (F(t) = 0), so the equation be-

comes
my" +ky = 0.
With m = 5kg and k = 65.3 N/m, this becomes
59" 4+ 65.3y = 0.

Because the initial displacement was 36 cm upward,
¥(0) = —0.36 (assuming an orientation where y is
positive in the downward direction). Because the
mass is given an initial downward velocity of 0.45
m/s, y'(0) = 0.45. Because we've chosen the down-
ward direction to represent positive y-values, down-
ward velocities are positive.
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Lety =€ in y" +y — 12y = 0 to obtain
MM paeM — 1264 —
MAP4r-12)=0.
Becausce™ # 0, we arrive atthe characteristic
= Mti-12=0
A+4)(r-3)=0,

and roots A = —4 and A = 3. Because the
distinct, the solutions y, (r) = e~ and y, (1)
form a fundamental set of solutions and the
solution is

y() = Cre™ + Gy,

£g

—

1f4y" 412y’ +9y = 0, then the characteristic equa-

tion is
2412049 = (A +3)2 =0.
Hence, the characteristic equation has a

(3,
= —3/2. Therefo 1) =T
root, A er{)? re, yi(r) EE

() = te” B2 form a fundamental set of
lutions. Hence, the general solution is

() = Cre™ O 4 Cpte O = (Cr+Cat)e”

88

If y” —4y’' — 5y = 0, then the characteristic equation
is

M —dh—5=@-5)R+1)=0,
with roots A = 5 and A = —1. This leads
general solution

y(1) = Cie + Cre™".
Differentiating the general solution,
Y1) =5Ce" — Cpe™,
then using y'(1) = —1,
—1=5Ce® — Cae™".

Thus, €y = —(1/3)e™ and C; = —(2/3)e.
the final solution is

wiolpsim 2 Lo 2
yt) = 5 e 3¢ 33“‘ 3¢

to the

),

5)

If y” +2y’ + 17y = 0, then the characteristic equa-
tion is
R4+ 4+17=0.

The roots of the characteristic equation are —1 £ 4i,
leading to the complex solutions

2() = e~ and 7)) = 1
However, by Euler's identity,
z2(t) = e 7'Mt = e "(cosdt + i sindr),

and the real and imaginary parts of z lead to a fun-
damental set of real solutions y, (1) = ¢~ cos 4r and
y2(1) = e~' sin4r. Hence the general solution is

y(1) = Cie cosdt + Cze ™" sin4r.
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(b) Withm = 1kg, u = 3kg/s, and k = 2 N/m,
my” 4y’ + ky = 0 becomes

¥ +3y 4+2y=0,
with characteristic equation A% 4+ 34 + 2 =

(A4 1)(X +2) = 0 and zeros A; = —1 and
Az = —2. Thus, the solution is

Y1) = Cre™ + Cae™¥,
The initial displacement is y(0) = —1 m, so
—1=C+Cy.
Differentiate.
Y1) = —Cie™! —2C,e7¥
The initial velocity is y'(0) = —1 m/s, so
—1=-C,-2C,.

Thus, C; = —3 and C; = 2, and the solution
is

y(£) = =37 + 27,

9

The homogeneous equation y” + 3y’ +2y = —Ohss
characteristic equation A% + 34 +2 = (A + (A +
2) = 0 with zeros A; = —1 and &; = —2. This
1eads to the homogeneous solution

Y= C}G—, + Czt_‘”.

The particular solution y, = Ae™* has derivatives
¥, = —4Ae~ and y, = 16Ae™*, which when
snbsumtedmwﬂwequy“+3y’+2y=3e"'
provides

164 + 3(—4Ae™¥) +2A4e™4 =37
6A =3
1

Thus, a particular solution is y, = (1/2)¢~*. This
leads to the general solution

1
y= C]d'-ll + Cz&‘_n + 58_«

* The initial condition y(0) = 1 provides

1
l=C|+C3+§.

Differentiating,
y =—Cie' =207 — 27V,
The initial condition y'(0) = 0 provides
=-C-2C, -2
This system has solution Cy = 3 and C; = —5/2,
leading to the solution

y=3"— ge"ﬂ + %c"'.
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A fundamental system of solutions to the
neous equation is y; (1) = cos 2r and y; () = sin2t.
We look for a solution of the form

¥ = U1y + vay2 = v €os 21 + vp 8in 21,
Differentiating we get
' =] cos 2t + vj sin 21 — 2v; cos 21 + 2uy sin 2.

N

To simplify future calculations we set
vycos2t + vy sin2t =0,
50 ¥ = —2v; cos 2 + 2v; sin 2r, and
y" = —2v] cos 2t + 2v} sin 2¢
— 4[v; cos 2r + vy sin 2t].
Adding, we get
' + 4y = ~2v} cos 2t + 2u} sin 2t
= sec2l.
‘We must solve the system
v} cos 2t + vy sin2t =0,
—2v} cos 2t + 2v sin2t = sec2t.
The solutions are

l}; =—-%Inn2t and v§=

Integrating we gel

X
>

W)= yineos2r) and vy = 5.

Thus the solution is
y(t) = vy cos 2t + vy sin 2t

= %oos?; - In{eos 21) + -;-sinZa.

]D We will use the complex method, and look for a so-

lution of the equation z” + 5z’ + 4z = 2" of the
form z(r) = ae*". Then our particular solution will
be x,, = Im z. Differentiating we get

2"+ 52" + 4z = a((2i)* + 5(2i) + e
= 10aie®! =224,

Hence a = —i/5, z(t) = —ie*'/5, and x,(1) =
Imz(r) = —cos21/5.

The characteristic polynomial is P(X) = A% + 54 4
4 = (A + 1)(A + 4), which has roots —1 and —4.
Hence the general solution to the homogenous equa-
tion is x;(f) = Cre™" +Cye™. The general solution
to the inhomogeneous equation is

x(1) = —é €052t + Cre™" + Cae™¥

" The initial conditions imply that

1=x(0) = —-51~+C1 3G
0=x'(0)=-C, —4C,

Hence we find C) and C; which solve the equations
6
& +C:=§
—Cy—4C; =0

The solutions are C; = 8/5 and C; = —2/5, so the
solution to the initial value problem is

x(t) = -——1§cns2! + v:—e" = —i—e"‘

The steady-state response lsﬁlepm'umlarsolutlon
xp(t) = —cos2r/5, and the transient response is

xu(t) = [8¢™ — 2] /5. In the following plot the
graph of the solution to the initial value problem is

‘hdadudmmm' response is dotted,
and the steady-state solution is solid.




